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AHHOMayusa

Ob6cyKaeHbl NpUMeEpPbl OIMMMNMAAHbIX 33434 MO MaTeEMaTUKe, KOTopble cneayeT
OTHECTM K TEOPUU NPOrPaMMUPOBAHUA U peLlaTb METOAAMU 3TON Teopun. [NaBHbIN
BbIBO/, KOTOPbIN Mbl NPM 3TOM NbiTaeMca 060CHOBATb, COCTOUT B CNeAyIOWEM: K CO-
aneHuto, obpasoBaHMe B 061aCTU KNAaCCUYECKOM M MPUKNAAHOM MATEMATUKU He
YUYMTbIBAET LienecoobpasHOCTb NpenogaBaHne TEOPUN NPOrpPaMmMmnpPoBaHMA byayumm

MaTemMaTUKaM.

Knroueevie cnoea: mamemamuyeckue oauMnuUadsbl, meopus rnpo2pammuposa-
HUSl, yCmpaHeHUe peKypcuu, 2pagossie 2paMMamuUKuU, 3a0a4a 00CMUXUMOCMU 8

epagpe

Bonpocy 06 nctopmyeckunx, KynbTypHbIX, 06pa3oBaTe/ibHbIX CBA3AX MaTeMaTu-
KM N NporpaMmmmnpoBaHma yxe 70 neT, ecim cYMTaTb CO BPEMEHU NOABJIEHUA INEK-
TPOHHO-CYETHbIX MaWnH. MHOrMe KNacCUKM HAayKM NPOrpaMmmMmpoBaHMA, TaKue, Kak
OoHanba KHyT, dacrep Oenkctpa, AHgpen Metposuy Epwos, NocBATUAM 3TOMN Teme
HEeCKO/IbKO 3ameyaTtesibHbIX nyb6ankauun [4, 6, 2]. U3BECTHO TaKKe MHEHMUE BblAato-
LLeroca matemaTmKka 1 normka B.A. YCNeHCKOro o rymMmaHMUTAapHOM XapaKTepe maTtema-
TMKK [3].

B pgaHHOM paboTe Mbl XOTMM OTMETUTb, YTO COBPEMEHHOEe MaTemaTU4yeckoe
obpa3oBaHMe HyxKaaeTcA B A006aBAEHMW HOBOrO ANA HEro WMHrpeAmeHTa — HayKu
(Teopun) nporpaMmMmnpoBaHUs, TO €CTb METOA0B NMOCTPOEHUS U aHaNM3a NPOrpamm.
Ona obocHoBaHWA AaHHOro NpeAnonoXKeHUs npoaHannsupyem 3agaum [11] Mexay-
HapoAaHOM MmaTemaTuyeckon onmmnuaapl 2019 roaa [10].

[Jeno B TOm, YTO U3 6 334aHMN onMmnmagbl 2,5 (MMeHHO TaK: «JBa C NOJ0BU-
HOM») — KNaccuyeckme 3aZaun TeEOPUMN NPOrpamMmmMmmMpPoBaHUA. A UMEHHO, peyb UAET O

cnenyoLmx 3aga4ax (Mbl npusoanMm GopMynMPOBKKU Ha aHTrAKckom no [11]).
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e [3apgaHue 1] Let Z be the set of integers. Determine all functions f: Z—Z
such that, for all integers a and b, f(2a) + 2f(b) = f(f(a+b)).

e [3apaHue 3] A social network has 2019 users, some pairs of whom are
friends. Whenever user A is friends with user B, user B is also friends with user A.
Events of the following kind may happen repeatedly, one at a time:

Three users A, B, and C such that A is friends with both B and C, but B and Care
not friends, change their friendship statuses such that B and C are now friends, but A
is no longer friends with B, and no longer friends with C. All other friendship statuses
are unchanged.

Initially, 1010 users have 1009 friends each, and 1009 users have 1010 friends
each. Prove that there exists a sequence of such events after which each user is
friends with at most one other user.

e [3apaHue 5] The Bank of Bath issues coins with an H on one side and a T on
the other. Harry has n of these coins arranged in a line from left to right. He
repeatedly performs the following operation: if there are exactly k>0 coins showing
H, then he turns over the kth coin from the left; otherwise, all coins show T and he
stops. For example, if n=3 the process starting with the configuration THT would be
THT — HHT — HTT — TTT, which stops after three operations.

(a) Show that, for each initial configuration, Harry stops after a finite number of
operations.

(b) For each initial configuration C, let L(C) be the number of operations before
Harry stops. For example, L(THT)=3 and L(TTT)=0. Determine the average value of L(C)
over all 2" possible initial configurations C.

3agaHne 3 — 3TO TUNMYHAA 33a43a4a O BbIBOAMMOCTU B rpadOBOM rPamMMaTHUKeE;
Mbl NJaHUPYEM MOCBATUTL CIEAYHOLLYIO CTaTblo TOMY, KaK 3Ty 3aZ,a4y MOXHO peLlmnTb
MeToAamMM Teopun NporpammmnpoBaHus. 3agaHune 5(a) — aTo TMNMYHAA 3a4a4a O 3a-
BEPLUIAEMOCTN a/IFOPUTMa, KOTOPAs XOpoLOo peluaetca metogom dnonga; npumepsl
pelweHns Takux 3aga4 metoaom ®nonaa MorXKHO HaTK B Hawwmx ctatbax [1, 7]. A BoT
3agaHMe 1 — 3TO «KNacCMKa» yCTpaHeHuA pekypcun [5, 8], ero «nporpammmcTcKoe»
pelleHue byaeT npeacTaBAeHo ganee.

Knaccnueckmin npumep yCTPaHEHMA MOHAAMYECKOM PEeKypcunm MeTo4oM ee
CBeAEHUs K XBOCTOBOM PeKypcum — 370 3aga4a o pyHKumnm McCarthy 91 [5, 8]: Tpeby-
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eTtca «onpeaenvutb» (MK, Kak cKasaHo B dopmyamnpoBKe 3agaHua 1, determine)
¢yHKUmMo M: N—N, Takyto, yto M(n) = if n>100 then (n-10) else M(M(n+11)); oka3sbl-
BaeTcA, YTo nckomas dpyHKuma —ato M(n) = if n>101 then (n-10) else 91. «Kntouom» K
YCTPAHEHUIO PEKYPCUM B 3TOM (M APYruMX NoAoOHbIX CyYasx C MOHaANYecKon GyHK-
uuen, onpeaeneHHON PEKYPCUBHO) ABNAETCA Mepexos, OT MOHAANYEeCKON GyHKLMK
M: N—N K 6uHapHon ¢yHKunm M2: NxN—N, 3agaHHOM gna nobbix n,keN npasmaom
M2(n, k)=M¥(n), rae MX(n) — sto k-kpaTHoe npumeHeHne M, To ectb M(..M(n)...),
npuuem, o4eBnaHbiMm obpasom, M2(n, 0)=M°(n)=n gna noboro neN.

PaccMoTpUM KOHKPETHO, KaK paboTaeT Takas TEXHMKA YCTPaAHEHMA PEKYPCUN Ha
npumepe 3aaaHunsa 1. N3 paseHcTBa f(2a)+2f(b)=f(f(a+b)) cheayet (npu noacraHoBKe
a=0), uto f(0)+2f(b)=f(f(b)) npn nobom beZ. Beeaém buHapHyto dyHKUMO F: ZXxN—Z
aHaNornM4yHoO ToMy, Kak bbina BeegeHa ¢yHKuma M2: NxN—N B npeabiaywem napa-
rpade: F(b, k)=f(b) ana nobbix beZ n keN. Toraa us pasencrsa f(0)+2f(b)=f(f(b)) npu
Bcex beZ cnepyetr paseHctBo F(b, k+1)=2F(b, k)+f(0)=2(F(b,k-1)+f(0))+f(0)=
=2%1F(b,0)+(2"1-1)f(0); Tak Kak F(b,0)=b, To nonyyaem F(b,k+1)=2"1b+(2"1-1)f(0), a
TaK Kak Hac uHtepecyer f(b)=F(b,1), To nonyyaem f(b)=2b+f(0), uto 3aBepaeT peLe-
Hue 3agaHua 1. Ha camom gene mbl YCTaHOBUAWM TO/IbKO, YTO €CAu 3agaHue umeet
peweHne, To oHo 06s3aHo umeTb BUA f(b)=2b+f(0), beZ, n Ham Hago ewe nNoKasaTs,
yTo Ntoban Takas GyHKUMA npeBpalLaeT ucxogHoe ypasHeHue f(2a)+2f(b)=f(f(a+b)) B
BEpHOE PaBEHCTBO, OAHAKO 3TO MOKHO cAeNaTb NPOCTON NOACTAHOBKOM.

B 3aKknto4eHMEe Mbl XOTUM MPUB/IEYb BHUMAHME MaTeMATUYEeCKOM 0bLLecTBeH-
HOCTM K HOBOWM Bepcum Tecta TotopuHra — IMO Grad Challenge [9]:

The International Mathematical Olympiad (IMO) is perhaps the most celebrat-
ed mental competition in the world and as such is among the ultimate grand chal-
lenges for Artificial Intelligence (Al).

The challenge: build an Al that can win a gold medal in the competition.

To remove ambiguity about the scoring rules, we propose the formal-to-formal
(F2F) variant of the IMO: the Al receives a formal representation of the problem (in
the Lean Theorem Prover), and is required to emit a formal (i.e. machine-checkable)
proof. We are working on a proposal for encoding IMO problems in Lean and will seek
broad consensus on the protocol.

Challenge. The grand challenge is to develop an Al that earns enough points in
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the F2F version of the IMO (described above) that, if it were a human competitor, it
would have earned a gold medal.

Note: this is only a preliminary proposal for the rules. To get involved in the
discussion, please join our Zulip channel.

Tak 4TO maTeMaTUKaM MOpPa y4YnTb He TOJIbKO TEOPUIO NPOrPAaMMMNPOBAHNSA, HO
N TEOPUIO, METOAbI U MHCTPYMEHTbI aBTOMATUYECKOro A0Ka3aTeNbCcTBa Teopem!
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Abstract

This presentation presents pedagogical recommendations based on experience
of working with talented students.
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